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Abstract
Reforms that promote economic growth have also an impact on the distribution
of capital and income. This paper considers the eﬀect of a rise in the elasticity of
substitution between capital and labor. It uses the normalized CES function introduced
by Klump and de La Grandville. A reform that raises the elasticity of substitution may
have an immediate impact on wages. Dynamic eﬀects are studied in the Ramsey model
with heterogenous agents by Caselli and Ventura. Two results on a trade-oﬀ between
growth and equality are obtained: First, divergence in the capital distribution may occur
during growth if a low elasticity of substitution is combined with a high proﬁt share or
high risk aversion. Simulations show that a small rise in the elasticity of substitution
may reinforce this divergence. Second, a higher elasticity of substitution leads to higher
income in the future for the whole population, but sometimes at the cost of an absolute
decline in present wages. The existence of a trade-oﬀ between growth and equality
depends crucially on the choice of the point of normalization.
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1 Introduction
In developing countries with high inequality, a low level of aggregate income and an in-
ﬂexible economic system reforms that promote economic growth are particularly urgent.
But will the reforms also lead to a more equal distribution of capital and income? I con-
sider as ”reform” an increase in the elasticity of substitution between capital and labor
and discuss its immediate eﬀects as well as its dynamic eﬀects in the Ramsey growth
model. The elasticity of substitution can be considered as a measure of economic ﬂexi-
bility. Possible institutional determinants at the macroeconomic level are according to
Klump and Preissler (2000) competition on good and labor markets, private institutions
promoting knowledge spillovers, openness to trade and the monetary and ﬁnancial sys-
tem. The paper aims at clarifying the role of the elasticity of substitution from two
points of view: It discusses the interpretation of a rise in the elasticity of substitution
and its short-term and long-term eﬀects on distribution. Moreover it emphasizes how the
procedure of normalization proposed by Klump and de La Grandville (2000) inﬂuences
the results of any simulation varying the elasticity of substitution.
The intriguing property of the elasticity of substitution is that its increase may raise
or lower wages. It is a suitable parameter for simulating reforms that aﬀect agents with
diﬀerent levels of capital and wage income in diﬀerent ways. The quantitative eﬀect of
a change in the elasticity of substitution on total income and wages depends on how
close two production functions diﬀering only in their elasticity of substitution are. The
distance is not completely predetermined but can be chosen through normalization.
To analyze the relation between growth and distribution, I consider the Ramsey
model with heterogenous agents by Caselli and Ventura (2000). It assumes that person
j owns a variable fraction of average capital kR
j =
kj
k . Her labor productivity or skill
level is a ﬁxed fraction sj of the average which is set equal to 1. Aggregate growth
is determined solely by average quantities, not by their distribution. All individuals
desire the same growth rate in total wealth which is composed of capital and discounted
future wages. Caselli/Ventura mention that the evolution of the distribution during
transitional growth depends on the elasticity of substitution. Divergence in the capital
distribution may occur if the elasticity of substitution is less than 1. Glachant/Vellutini
(2002) analyze a log-linearized model and argue that a higher elasticity of substitution2
favors a positive link between growth and convergence in capital. The distributional
eﬀects of growth far from the steady state can however be qualitatively diﬀerent, so the
exact model not the linearized model is considered here. Based on the normalized CES
function and the Ramsey model three eﬀects of a rise in the elasticity of substitution on
distribution can be distinguished:
• an immediate eﬀect on output, wage and capital income at constant average capital
stock k
• a higher increase or decrease in inequality per percentage of growth along the new
transitional path
• a longer transitional path, that allows for inequality to increase or decrease over a
longer period.
While numerical methods are mainly used to evaluate the eﬀects, two results are obtained
in an analytical way: First divergence in capital is only possible for an elasticity of
substitution smaller than 1. In particular the elasticity of substitution has to be smaller
than the share of capital income, if the elasticity of the utility function is smaller than
one. Second, according to Irmen’s result (2001), the immediate impact on wages is
always negative for σ above a threshold larger than 1. For σ<1 the immediate impact
on wages becomes positive for large k.3
2 The immediate eﬀect of higher ﬂexibility
on distribution - Why normalization matters
Raising the elasticity of substitution in a CES function can have an immediate impact
on the distribution of income between capital and labor. With a higher elasticity of
substitution, capital generally becomes more productive. Labor becomes less productive
at the margin, if the marginal product of capital increases more than its average product.
The magnitude of the eﬀect can be zero or very large depending on the choice of the
point of normalization. Kamien and Schwartz (1968) implicitly noticed that the usual
CES function sets the point of normalization to the arbitrary value of k =1 . S i n c e
the contribution by Arrow, Solow Chenery and Minhas (1961) CES functions of the
following form have been used in theoretical and empirical research (Although in many
cases researchers preferred the special case of the Cobb-Douglas function.).
f(k)=C{αkψ +( 1− α)}1/ψ (1)





f (k)[f(k) − kf (k)]
−kf  (k)f(k)
(2)
Figure 1 shows the eﬀect of a rise in the elasticity of substitution on output using
the ACMS form. The eﬀect is positive except in k = 1 where functions with diﬀerent
elasticities of substitution are tangent. From an economic perspective it does not make
any sense to ﬁx the point at k = 1. Other forms of the CES function that have been in use
pose more severe problems, because functions with diﬀerent elasticities of substitution
may intersect. Then the eﬀect of a higher elasticity of substitution on output could
become negative. To isolate the eﬀect of the elasticity of substitution in a consistent way,
Klump/de La Grandville (2000) introduce a normalization. It determines the output
per person y0 and the ratio between marginal products of labor and capital µ0 at the
baseline value of capital per person k0. The distribution and the eﬃciency parameter of
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Figure 1: Varying σ in ACMS form of the CES function
Any point of a production function can be a baseline point, but each leads to a
diﬀerent ”family” of CES functions. As long as the elasticity of substitution does not
change, it is not necessary to determine a baseline point. But in calculations that vary
the elasticity of substitution, the choice may heavily inﬂuence the magnitude of eﬀects.
Previous simulation studies on the neoclassical growth model as King and Rebelo (1993)
and Turnovsky (2002) have neglected the issue.
As Klump/ de La Grandville I consider k ≥ k0 as the relevant range of values of
a CES function. For k<k 0 the eﬀect of a higher elasticity of substitution on the
marginal product of capital is implausible. It is lower the higher k is, and vanishes
as k approaches k0. One possible interpretation of k0 understands it as a value close
to the origin and far below actual values of k. The reform leading to more ﬂexibility
would then have a high immediate impact on output and factor prices. In simulations
using empirical values of k and y the unit chosen will often be much larger than 1, so
k0 is implicitly chosen according to this view. Another way to interpret the baseline
point would consider it as the actual point at which the reform takes place. In the
simulations I will discuss both interpretations. The ﬁrst case can be thought of as a
reform that will show its eﬀects only as new investment is made. In the second case the
reform creates immediately new opportunities and inequalities. An immediate increase5
in output without any investment seems unrealistic. But if one thinks of the period of










Figure 2: Diﬀerent points of normalization of CES functions (k0 =1a n dk0 = 10)
For k>k 0, Klump and de La Grandville show that the share of capital income
depends positively on σ. If poor people rely on wage income more than rich people, the
income distribution becomes more unequal. Along with the decline in relative income
poor people can experience a decline in absolute income, since ∂w
∂σ can become negative.
The derivative also plays an important role in determining the dynamics towards the
new steady state. Miyagiwa and Papageorgiou (2003) as well as Irmen (2001) show that
above a threshold of σ larger than 1, its impact on wages is negative for all k>k 0.F o r
σ<1, I show that the impact is negative for some k>k 0 but becomes positive if k
tends to inﬁnity (see appendix).
3 Growth and distribution before and
after the reform
3.1 The Ramsey model with heterogenous agents
The goal of a reform increasing the elasticity of substitution is to enhance growth.




Figure 3: Impact of elasticity of substitution on wage rate for a given k
along diﬀerent growth paths. Klump/de La Grandville (2000) and Klump (2001) show
that for k>k 0 the elasticity of substitution has a positive eﬀect on transitory growth
and the steady state in the Solow model as well as the Ramsey model. The result does
not remain valid in the Diamond model in which growth depends on the distribution
of income (Miyagiwa/Papageorgiou 2003, Irmen 2001). In order to rule out that a
reform can lower growth, I consider the distribution of capital and income in a Ramsey
model with heterogenous agents by Caselli and Ventura (2000). They point out that the
assumption of a representative agent does not exclude changes in distribution. It only
means that growth can aﬀect distribution while distribution cannot aﬀect growth. The
average quantities of capital, income and consumption alone determine growth.
The economy consists of a large number J of inﬁnitely lived consumers, indexed
by j =1 ,2,...,J. They diﬀer with respect to the initial capital stock kj(0) and their
constant relative skill level sj. For average values, the index is simply omitted.









under the ﬂow budget constraint
˙ kj = rkj + sjw − cj (6)7
with cj per capita consumption, f the CES production function, ρ>0 the rate of
time preference and θ>0 the intertemporal elasticity of substitution. Depreciation and
population growth are neglected. The relative position of an individual is given by the
relative wealth in capital kR
j =
kj




Consumption is a function of total wealth (see Barro/Sala-i-Martin 1995). Total wealth
is composed of capital and discounted future wages which are called human wealth.
cj(t)=µ(t)[kj(t)+sjh(t)] (7)
The consumption rate out of total wealth is:
µ(t)=





























j (t) − sj
 
(8)
Changes in the relative capital stock depend on the diﬀerence between present and
discounted future wages. With γ = k+h













This represents the rate of change of the ratio of total wealth to capital. The relative
income position of individual j is equal to
yR
j = πkR
j +( 1− π)sj (10)
where π represents the capital share.8
3.2 Divergence in the capital and income distribution
The distributional eﬀects of growth can be expressed as an elasticity (see also Glachant/Vellutini
(2002)). I deﬁne




















































For a person with an average skill level (sj =1 )  has the following meaning: If average
capital grows by 1 percent, the relative gap between kj and the average capital stock
changes by −  percent. Throughout the paper it is assumed that kR
j <s j for sj < 1
and kR
j >s j for sj > 1, that is, the distribution of wage income is more centered around
the mean than the distribution of capital. Under this assumption a positive   implies
divergence in the capital distribution.
One sees from (9), that   is the slope of the function lnγ(lnk), which can be represented
in a phase diagram. As Caselli/Ventura note, divergence in capital may occur if the
elasticity of substitution is smaller than 1. The phase diagram shows that lnγ can only
increase as long as the
˙ γ
































































For the special case of logarithmic utility (θ = 1) the condition simpliﬁes to σ<π .
Divergence in capital is only possible for k smaller than the value for which lnγ0 reaches











< 0f o rθ>1. (16)








(1 − π)ψ (17)
(Klump 2001) it is evident from (10) that for σ<1 the condition for divergence in
income is stronger than the condition for divergence in capital. For σ>1, the converse10
is true. In simulations no divergence in the income distribution during growth was found.
Therefore the possibility is neglected in the remainder of the paper.
3.3 Immediate and long-term eﬀects of reform
in inﬂexible economies
As divergence in capital can only occur in inﬂexible economies, I focus particularly on
this case. But it has to be emphasized that reform can have negative eﬀects on the
relation between growth and equality in any case: it can reinforce divergence in the
capital distribution or weaken convergence. In both cases poor people are worse oﬀ as
they would have been without the reform. But in the latter case their relative capital
position will still be improving through time. Absolute income of all people is rising
during growth. An absolute decline in income can only be a result of the immediate
eﬀect a reform has at constant k.




initial capital share: π =0 .3,0.5
initial capital-output ratio: k
y =0 .5,1,2,4
”reform”: increase in σ by 20%
”poor” person: kR
j =0 .1, sj =0 .5
The choice of the initial capital stock k = 10 corresponds just to a choice of units.
The ”baseline-as-actual-value” of k0 is set equal to 10, too, and the ”close-to-the-origin-
value” equal to 1. The utility parameter ρ and θ are chosen in a similar way as in
Turnovsky (2002). ρ is set slightly higher, because depreciation is neglected. As many
estimates for the elasticity of substitution lie around 1 or below (Hamermesh 1996),
σ =0 .2 − 0.6 are assumed to be elasticities of substitution of inﬂexible economies. Ini-
tial capital-output ratios are chosen to be broadly consistent with international data by
King and Levine (1994). The method by Brunner and Strulik (2002) is used to compute
the simulation.11
It is well-known that the capacity of the Ramsey model to generate plausible tran-
sitional dynamics is limited. Realistic values of the capital share and moderate values
of σ lead to initially high and then sharply declining interest and growth rates. In their
critical study King and Rebelo (1993) examined the capacity of the Ramsey model to
explain U.S. growth over 100 years, which corresponds to a growth in income by 600%.
The deﬁciencies of the model may be less severe if one considers the production function
to be constant only over one or several decades and not over a hundred years. In this
exercise the elasticity of substitution varies as a result of a reform, but it could as well
vary for endogenous reasons. Mansanjala and Papageorgiou (forthcoming) ﬁnd that the
elasticity of substitution increases with the level of economic development.
Nevertheless the neoclassical model with two factors of production can only provide
a rough approximation to real economic dynamics. I eliminate all results with very high
initial growth rates (> 20%) before and after reform and thereby settings that would
be capable to explain total growth as high as 600%. It implies that settings with a
low initial capital-output ratio (thus a high initial average and marginal product) are
excluded. The model performs better in simulating reform in countries like the former
Soviet Union which may suﬀer from an over-accumulation of capital (Easterly/Fischer
1995) than in countries with labor-intensive production. As the capital-output ratio
increases further along the transitional path, it may however lead to unrealistically high
capital-output ratios in the steady state.
In addition several settings are excluded because they do not satisfy the restriction
that each person’s capital stock has to remain positive. The tables report three repre-
sentative settings for σ =0 .48, other results are summarized in the appendix.








before reform at k =1 0 0.1 0.38 0.95
after reform at k =1 0 0.1 0.38 0.95 0.1 0.29 0.92
k = k∗ θ =0 .1 0.16 0.41 1.06 0.17 0.41 1.07 0.39 0.47 2.09
k = k∗ θ =0 .4 0.14 0.4 1.05 0.15 0.41 1.06 0.3 0.44 1.94
k = k∗ θ =1 0.12 0.4 1.03 0.13 0.4 1.04 0.16 0.39 1.76
k = k∗ θ =2 0.1 0.39 1.02 0.11 0.39 1.03 0.02 0.35 1.5612








before reform at k =1 0 0.1 0.3 0.75
after reform at k =1 0 0.1 0.3 0.75 0.1 0.21 0.63
k = k∗ θ =0 .1 0.27 0.42 1.28 0.31 0.43 1.39 # # #
k = k∗ θ =0 .4 0.19 0.39 1.2 0.23 0.41 1.3 0.31 0.43 2.7
k = k∗ θ =1 0.11 0.37 1.12 0.14 0.37 1.2 0.08 0.34 2.15
k = k∗ θ =2 0.02 0.34 1.03 0.04 0.34 1.1 x x x








before reform at k =1 0 0.1 0.38 1.9
after reform at k =1 0 0.1 0.38 1.9 0.1 0.29 1.82
k = k∗ θ =0 .1 0.33 0.47 2.62 0.36 0.47 2.69 # # #
k = k∗ θ =0 .4 0.27 0.46 2.57 0.3 0.46 2.62 # # #
k = k∗ θ =1 0.2 0.45 2.5 0.23 0.45 2.55 0.28 0.45 4.53
k = k∗ θ =2 0.12 0.43 2.42 0.15 0.43 2.46 0.04 0.4 4.01
( # :initial growth rate > 20%, x:relative capital becomes negative)
Several regularities are observed. In absolute and relative terms, the poor person
is always better oﬀ in the steady state compared to the initial point, with or without
reform. With high risk aversion the capital distribution diverges alongpart or all of the
transitional path in a few cases (printed in bold). Reforms without an immediate eﬀect
(k0 = 10,small increase in steady state) do not reinforce divergence in capital, while
reforms with an immediate eﬀect (k0 = 1,large increase in steady state) do. In addition
reforms with an immediate eﬀect have a negative impact on relative and absolute income
of the poor person in all examples. But longer growth and a higher income in the long
term for rich as well as for poor people oﬀset the initial negative eﬀect. In addition to
the role of the elasticity of substitution it can be noted that higher risk aversion slows
down convergence in the capital and the income distribution.
To sum up, reforms which do not raise output immediately do not have any nega-
tive impact on equality. Reforms with a strong immediate eﬀect can increase income
inequality in the short-run and capital inequality in the long-run. But everyone’s income
is higher in the long-run.13
4 Conclusion
An inﬂexible economic system may be a cause of a low steady state. In the Ramsey
model, reforms that raise the elasticity of substitution increase transitional growth and
the steady state. But a trade-oﬀ between growth and equality exists especially in the
short-run.
The methodical issue of the choice of the baseline point cannot be resolved deﬁnitely
by looking at one model only. Two interpretations have been discussed. The actual
point as a baseline point may seem more plausible, because the elasticity of substitution
is thought to reﬂect long-term rather than short-term determinants of economic growth.
Immediate eﬀects of changing these conditions however are not completely implausible.
One can for example think of the reappearance of goods in shops after the currency
reform in post-war Germany. A jump in the production function may also be more
relevant if some people’s wages decline quickly following a liberalization of trade or the
labor market.
Allowing for changes in relative labor productivity (for example of skilled and un-
skilled workers) could help to take a more diﬀerentiated view on eﬀects on wages. The
inclusion of human capital also could yield more plausible values of the simulated dy-
namics.
If the model is taken literally, poverty in terms of capital has less importance than
poverty in terms of income, because future income is certain. If one considers an uncer-
tain future, as implies the interpretation of the intertemporal elasticity of substitution as
risk aversion, the distribution of capital plays a more important role. With divergence
in capital poor people tend to rely increasingly on uncertain future earnings. Their
prospects to become entrepreneurs get worse. Deininger and Olinto (2000) emphasize
that the distribution of assets may better reﬂect the equality of opportunities than the
distribution of income.
Initial divergence in the capital distribution is only reinforced if the reform has an
immediate eﬀect. As the capital distribution always converges if σ is larger than 1, a way
to avoid divergence is to raise the elasticity of substitution to a suﬃciently high level.
Looking at Figure 3 one sees however that the stronger rise σ may cause a stronger decline
in present wages. The negative eﬀects can be avoided if the elasticity of substitution14
rises in a gradual way as the economy grows or if neutral technical progress improves
the marginal productivity of both factors.
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For k = k0 the expression in brackets is zero and its derivative with respect to k is
positive. This is valid independently of σ.S o a n  >0 exists for which ∂w
∂σ < 0o n
]k0,k 0+ ]. Irmen shows that σ> 1
π0 is a suﬃcient condition for the derivative to remain
negative.






























σ2ymaxψ2(0 + ln(1 − π0)+0 )> 0 (20)
For σ<1 y converges to an upper bound an π converges to 0. In a function xlnx the
convergence of x dominates.Simulations for q=1 and k/y=2 and 4 and initial relative capital stock of 0.1 
For lower capital-output ratios, growth rates are implausibly high. 
x: relative capital stock negative    #: growth rate exceeds 20% 
 
k/y=2    q=1 
after reform 
k=10  "old" steady state    
"new" steady state 
k0=10    
"new" steady state 
k0=1    
   yj
R   kj
R  yj
R   kj
R  yj
R   kj
R  yj
R  
before reform   (0,38)                
s=0.2/0.24      p=0.3  x  0,10  0,43  0,12  0,44  #  # 
s=0.4/0.48  0,29  0,20  0,45  0,23  0,45  0,28  0,45 
s=0.6/0.72  0,32  0,29  0,46  0,35  0,46  0,43  0,48 
                    
   (0.3)                
s=0.2/0.24      p=0.5  #  0,05  0,43  0,07  0,42  x  x 
s=0.4/0.48  x  0,18  0,42  0,24  0,44  #  # 
s=0.6/0.72  x  0,32  0,45  0,39  0,46  #  # 
                       
k/y=4    q=1 
after reform 
 k=10  "old" steady state    
"new" steady state 
k0=10    
"new" steady state, 
k0=1    
  yj
R   kj
R  yj
R   kj
R  yj
R   kj
R  yj
R  
before reform  (0.38)                
s=0.2/0.24      p=0.3  x   x  x  x   x  x   x 
s=0.4/0.48  0.29  0,12  0,40  0,13  0,40  0,16  0,39 
s=0.6/0.72  0.38  0,14  0,40  0,16  0,40  0,27  0,42 
                    
   (0.3)                
s=0.2/0.24      p=0.5  0.15  0,05  0,35  0,05  0,36  x  x 
s=0.4/0.48  0.21  0,11  0,37  0,14  0,37  0,08  0,34 
s=0.6/0.72  0.28  0,18  0,38  0,23  0,39  0,25  0,38 
 